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Abstract— In this work, we present the first stability
results for approximate predictors in multi-input non-
linear systems with distinct actuation delays. We show
that if the predictor approximation satisfies a uniform
(in time) error bound, semi-global practical stability
is correspondingly achieved. For such approximators,
the required uniform error bound depends on the
desired region of attraction and the number of control
inputs in the system. The result is achieved through
transforming the delay into a transport PDE and con-
ducting analysis on the coupled ODE-PDE cascade.
To highlight the viability of such error bounds, we
demonstrate our results on a class of approximators -
neural operators - showcasing sufficiency for satisfying
such a universal bound both theoretically and in
simulation on a mobile robot experiment.
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I. Introduction

We study the multi-input, distinct delay, nonlinear
system governed by

Ẋ(t) = f

(
X(t), U1(t − D1), . . . , Um(t − Dm)

)
, (1)

where X ∈ Rn is the system state, U1, . . . , Um are scalar
control inputs, f : Rn × Rm → Rn is a locally Lipschitz
vector field satisfying f(0, . . . , 0) = 0, and D1, . . . , Dm

are (potentially distinct) input delays satisfying (without
the loss of generality) 0 < D1 ≤ · · · ≤ Dm. This system
commonly appears across a range of applications, includ-
ing telerobotics [4], connected and automated vehicles
[25], networking systems [21], and many more [3].

To compensate for the delays, the most popular ap-
proach for nonlinear systems, termed “predictor feed-
back”, was developed in [15]. The key idea of predictor
feedback designs is to apply known delay-free, stabilizing
controllers with a future prediction of the state; thus,
when the control law arrives at the system, it aligns with
the system’s true state. Consequently, for any predictor
feedback design, we require the existence of a set of glob-
ally asymptotically stabilizing delay-free control laws:

Assumption 1: There exists a set of controllers Ui(t) =
κi

(
X(t)

)
with κi ∈ C1(Rn;R), i ∈ [m], such that the
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delay-free system Ẋ(t) = f

(
X(t), U1(t), . . . , Um(t)

)
is

globally asymptotically stable.
In multi-input multi-delay systems, a key challenge nat-
urally arises: with multiple inputs and associated delays,
it becomes difficult to coordinate the predictors so that
all m control inputs arrive with the correct corresponding
state predictions. This was resolved for exact predictor
feedback designs in [3] with predictors defined as

P1(t) =X(t) +
∫ t

t−D1

f

(
P1(θ), U1(θ), U2(θ − D2,1),

. . . , Um(θ − Dm,1)
)

dθ (2a)

P2(t) =P1(t) +
∫ t

t−D2,1

f

(
P2(θ), κ1(P2(θ)), U2(θ),

U3(θ − D3,2), . . . , Um(θ − Dm,2)
)

dθ (2b)

...

Pm(t) =Pm−1(t) +
∫ t

t−Dm,m−1

f

(
Pm(θ), κ1(Pm(θ)),

κ2(Pm(θ)), . . . , κm−1(Pm(θ)), Um(θ)
)

dθ, (2c)

with initial conditions given by

P1(θ) =X(0) +
∫ θ

−D1

f
(
P1(s), U1(s), Us( s − D2,1),

. . . , Um(s − Dm,1)
)
ds (3a)

− D1 ≤ θ ≤ 0,

P2(θ) =P1(0) +
∫ θ

−D2,1

f
(
P2(s), κ1(P2(s)), U2(s),

U3(s − D3,2), . . . , Um(s − Dm,2)
)
ds (3b)

− D2,1 ≤ θ ≤ 0,

...

Pm(θ) =Pm−1(0) +
∫ θ

−Dm,m−1

f

(
Pm(s), κ1(Pm(s)),

κ2(Pm(s)), . . . , κm−1(Pm(s)), Um (s)
)

ds ,

(3c)
− Dm,m−1 ≤ θ ≤ 0 ,
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where Di,j represents the difference between delays, Di−
Dj .

While the predictors in (2), (3) address the issue of
distinct delays, the original global stability result [3, The-
orem 1] only applies to exact implementations—which
are never feasible without closed-form solutions. Thus,
as implicit ODEs, implementing the predictors numer-
ically requires both fixed-point iteration and integral
discretization [12]. This poses two main challenges: (i)
discretization errors grow with step size and delay, poten-
tially destabilizing the feedback, and (ii) convergence of
the fixed-point iteration is not guaranteed, especially for
stiff systems. To address this, we make two contributions:
(1) a stability result for approximate predictors with
uniform error bounds, yielding a semi-global region of
attraction; and (2) a neural network-based predictor
approximation that significantly accelerates computation
compared to traditional methods. For the context, we
begin with an overview of recent works in predictor
feedback and learning-based approximator designs.

(a) Delay compensation in nonlinear systems: Since
the Smith predictor [27], predictor feedback has been
a foundational tool for delay compensation in nonlin-
ear systems. It has been successfully applied in diverse
settings, including delay-adaptive control [8], PDE-based
control [31], and event-triggered control [23]. In this
work, we focus on the predictor feedback designs intro-
duced in [2], [15], which model input delays as transport
PDEs and apply backstepping transformations to guar-
antee stability. This PDE-based approach has enabled
advances in controlling systems with delays across several
domains, including connected and automated vehicles
(CAVs) [25], biological systems [8], and additive manu-
facturing [11]. For a comprehensive overview of predictor
feedback methods, see [10].

(b) Learning-based approximations in control: For
decades, neural networks hve been approximating various
computationally intractable portions of control. Perhaps
most famously, these types of approaches have been long
studied for the Hamilton-Jacobi-Bellman equations [9],
as well as ODE approximations [30], differential games
[26], and even in the context of operator approxima-
tions in PDEs [6], [16]. They were recently introduced
for predictors in [5] and have since been extended for
unknown delays in [7]. We emphasize that there are many
many more results not present here, but due to space
constraints, must be omitted.

(c) Notation: We use R+ to denote the set of positive
reals. For an n-vector, the norm | · | denotes the usual
Euclidean norm. For a function u : [0, 1] × R → R,
we denote by ∥u(t)∥L∞ the supremum spatial norm
(∥u(t)∥L∞ = supx∈[0,1] |u(x, t)|). We use the PDE no-
tation ux(x, t) = ∂u

∂x (x, t) to denote derivatives. We use
Cn([t − D, t];Rm) to denote the set of functions with
continuous n derivatives. For brevity, when applicable we
use i ∈ [m] to represent the iteration i ∈ {1, 2, 3, · · · , m}.

II. An operator theoretic view of predictors
In this section, we begin by establishing a formal

mapping of the solution to the implicit predictors in (2),
(3). This perspective, first introduced in [5], enables us
to view the solution to the implicit predictor ODE as
a mapping of the current state and m different control
histories (Ui, i ∈ [m]) into an estimate of the system
at X(t + Di). However, this definition was originally
introduced for a single-input scalar system and thus
requires extension to the multi-input multi-delay case.
Henceforth, we begin by introducing the definition of m
different predictor operators

Definition 2: (Predictor operators for multi-
input multi-delay systems) Let Q ∈ Rn, and for each
i ∈ [m], let Ui ∈ C1([0, 1];R). Let φ ∈ R+. Then, define
the set of predictor operators {P1, ..., Pm} mapping from
Rn × C1([0, 1];R)m−i+1 × R+ to C1([0, 1];Rn) taking
inputs (Q, Ui, . . . , Um, φ) and returning a function Pi ∈
C1([0, 1];Rn) where the output Pi satisfies the implicit
differential equation

0 = Pi(s) − Q − φ

∫ s

0
f(Pi(θ), κ1(Pi(θ)), . . . , κi−1(Pi(θ)),

Ui(θ), . . . , Um(θ))dθ, s ∈ [0, 1], (4)

where κi, i ∈ [m − 1], are a set of C1 functions from
Rn → R that are assumed to be apriori known as static
parameters as in Assumption 1.
Notice that, by definition, the predictor operator yields
the solution to (2) in the following sense

P1(t) =P1(X(t), TD1,0(t)U1, ...,

TDm,Dm−1(t)Um, D1)(1), (5a)
P2(t) =P2(P1(t), TD2,1,0(t)U2, ...,

TDm,1,Dm,2(t)Um, D2,1)(1), (5b)
...

Pm(t) =Pm(Pm−1(t), TDm,m−1,0(t)Um, Dm,m−1)(1),
(5c)

where Tφi,φj , i, j ∈ [m], i ≥ j, are the operators that
yield the control history of U defined as

(Tφi,φj
(t)U) := U(t − φi + (φi − φj)x), x ∈ [0, 1).

(6)
The choice to use m separate predictor operators

instead of one large operator offers is both deliberate
and advantageous. It allows training m separate neu-
ral networks on specific datasets rather than a sin-
gle monolithic model, simplifying training and enabling
parallel inference across compute nodes for significant
speedups. The downside, however, is that this mod-
ular design, causes output discontinuities at operator
boundaries as Pj(·)(1) ̸= Pj+1(·)(0), j ∈ [m − 1].
Consequently, this is only a theoretical inhibition as
practicality, one can enforce continuity in implemen-
tation, setting Pj+1(·)(0) = Pj(·)(1) or following the
nested operator design [32]. Moreover, by design, only



the minimal information for each predictor—controlled
by the deliberate shift Tφ1,φ2(t)—is needed, reducing
computational load. Lastly, scaling predictors on s ∈
[0, 1] is intentional, allowing reuse without retraining
when the input context φ changes and thus, enables
scaling across different delays.

A. Continuity of the predictor operators
In anticipation of approximating the predictor oper-

ators in Section II-B, we showcase that the operator
is Lipschitz continuous. To do so, it is standard in the
predictor feedback literature [5], [12] to assume Lipschitz
continuity of the dynamics over an arbitrary large, but
compact region of the global state space.

Assumption 3: Let f(X, U1, . . . , Um) be as in (1) and
X ⊂ Rn, U ⊂ R be two compact sets. Then, assume
there exists a constant Cf > 0 such that f satisfies the
Lipschitz condition∣∣f(x1, u1, . . . , um) − f(x2, um+1, . . . , u2m)

∣∣
≤Cf

(
|x1 − x2| +

m∑
i=1

|ui − um+i|
)

, (7)

for all x1, x2 ∈ X and u1, . . . , u2m ∈ U .
Now, we prove the Lipschitz continuity of the predictor

operator in the following lemma.
Lemma 4: Let X and U be compact sets and Cf be the

Lipschitz constant as in Assumption 3. Let X1, X2 ∈ X ,
control functions Uj , Um+j ∈ C1([0, 1]; U) with j ∈ [m],
and positive real numbers φ1, φ2 ∈ Φ ⊂ R+ where Φ
is compact. Further, let X , U , and Φ be upper bounds
for each of their underlying sets. Then, each predictor
operator Pi, i ∈ [m], from Definition 2 satisfies the
following Lipschitz condition∥∥∥∥Pi(X1, Ui, . . . , Um, φ1) − Pi(X2, Um+i, . . . , U2m, φ2)

∥∥∥∥
L∞

≤CP

(
|X1 − X2| +

m∑
j=i

∥∥∥∥Uj − Um+j

∥∥∥∥
L∞

+ |φ1 − φ2|

)
,

(8)

with Lipschitz constant

CP := max
(

1, Ξ, ΦCf

)
eΦCκ , (9)

Ξ :=mCf U + Cκ

(
X + mΦCf U

)
eΦCκ , (10)

Cκ :=Cf

(
1 +

m∑
i=1

Cκi

)
, (11)

where Cκi
is Lipschitz constant of each control law κi.

Proof: Define the shorthand notation

P
(1)
i (s) := Pi(X1, Ui, . . . , Um, φ1)(s) (12)

P
(2)
i (s) := Pi(X2, Um+i, . . . , U2m, φ2)(s), (13)

for all s ∈ [0, 1]. Before we proceed to prove the main part
of the lemma, we show that each predictor is uniformly

bounded in its domain. First, by definition, Assumption’s
1, 3 and the compactness of X , we have∣∣∣∣P (1)

i (s)
∣∣∣∣ ≤|X1| + φ1

∫ s

0

∣∣∣∣f(P
(1)
i (θ), κ1

(
P

(1)
i (θ)

)
, . . . , κi−1

(
P

(1)
i (θ)

)
, Ui(θ), . . . , Um(θ)

)∣∣∣∣dθ

≤|X1| + φ1

∫ s

0
Cf

(∣∣∣∣P (1)
i (θ)

∣∣∣∣+
i−1∑
j=1

Cj

∣∣∣∣P (1)
i (θ)

∣∣∣∣
+

m∑
j=i

∣∣∣∣Uj(θ)
∣∣∣∣
)

dθ

≤|X1| + φ1Cf

m∑
j=i

∥Uj∥L∞

+ φ1Cκ

∫ s

0

∣∣∣∣P (1)
i (θ)

∣∣∣∣dθ. (14)

Applying Gronwall’s inequality yields∣∣∣∣P (1)
i (s)

∣∣∣∣ ≤
(

X + mΦCf U
)

eΦCκ . (15)

Then, we have∣∣∣∣P (1)
i (s) − P

(2)
i (s)

∣∣∣∣
≤|X1 − X2| +

∫ s

0

∣∣∣∣φ1f

[
P

(1)
i (θ), κ1

(
P

(1)
i (θ)

)
,

. . . , κi−1

(
P

(1)
i (θ)

)
, Ui(θ), . . . , Um(θ)

]
− φ2f

[
P

(2)
i (θ), κ1

(
P

(2)
i (θ)

)
, . . . , κi−1

(
P

(2)
i (θ)

)
,

Um+i(θ), . . . , U2m(θ)
]∣∣∣∣dθ

≤|X1 − X2| + |φ1 − φ2|
∫ s

0

∣∣∣∣f(P
(1)
i (θ), κ1

(
P

(1)
i (θ)

)
,

. . . , κi−1

(
P

(1)
i (θ)

)
, Ui(θ), . . . , Um(θ)

)∣∣∣∣dθ

+ φ2

∫ s

0

∣∣∣f(P
(1)
i (θ), κ1

(
P

(1)
i (θ)

)
, . . . ,

κi−1

(
P

(1)
i (θ)

)
, Ui(θ), . . . , Um(θ)

)
− f

(
P

(2)
i (θ), κ1

(
P

(2)
i (θ)

)
, . . . , κi−1

(
P

(2)
i (θ)

)
,

Um+i(θ), . . . , U2m(θ)
)∣∣∣dθ

≤|X1 − X2|

+ |φ1 − φ2|
[
mCf U + Cκ

(
X + mΦCf U

)
eΦCκ

]
+ φ2

∫ s

0
Cf

(∣∣∣∣P (1)
i (θ) − P

(2)
i (θ)

∣∣∣∣
+

i−1∑
j=1

Cj

(
P

(1)
i (θ) − P

(2)
i (θ)

)



+
m∑

j=i

∣∣∣∣Uj(θ) − Um+j(θ)
∣∣∣∣
)

dθ

≤|X1 − X2|

+ |φ1 − φ2|
[
mCf U + Cκ

(
X + mΦCf U

)
eΦCκ

]
+ φ2Cf

m∑
j=1

∥Uj − Um+j∥L∞

+ φ2Cκ

∫ s

0

∣∣∣∣P (1)
i (θ) − P

(2)
i (θ)

∣∣∣∣dθ, (16)

Applying Gronwall’s inequality again yields the desired
result.

Notice that Lemma 4 explicitly depends on the under-
lying size of the spaces of the input functions which is as
expected in operator approximation continuity bounds
(cf. [6, Lemma 1], [18, Lemma 2]). We are now ready
to present our class of approximate predictors via neural
operators.

B. Neural operator based approximate predictors
Neural operators are neural networks defined by a

specific kernel structure such that they have universal
operator approximation guarantees (See [14]). There are
a variety of different architectures including Deep Opera-
tor Networks (DeepONet) [22], Fourier Neural Operator
(FNO) [20], and even single-head attention transformers
[14]. Formally, they are defined as

Definition 5 (Neural Operators): [19, Section 1.2] Let
Ωu ⊂ Rdu1 , Ωv ⊂ Rdv1 be bounded domains with
Lipschitz boundary and let Fc ⊂ C0(Ωu;Rc), Fv ⊂
C0(Ωv;Rv) be continuous function spaces. Given a chan-
nel dimension dc > 0, we call any Ψ̂ a neural operator
given it satisfies the compositional form Ψ̂ = Q ◦ LL ◦
· · · ◦ L1 ◦ R where R is a lifting layer, Ll, l = 1, ..., L are
the hidden layers, and Q is a projection layer. That is,
R is given by

R : Fc(Ωu;Rc) → Fs(Ωs;Rdc), c(x) 7→ R(c(x), x) ,
(17)

where Ωs ⊂ Rds1 , Fs(Ωs;Rdc) is a Banach space for the
hidden layers and R : Rc × Ωu → Rdc is a learnable neu-
ral network acting between finite-dimensional Euclidean
spaces. For l = 1, ..., L, each hidden layer is given by

(Llv)(x) := s (Wlv(x) + bl + (Klv)(x)) , (18)

where weights Wl ∈ Rdc×dc and biases bl ∈ Rdc are
learnable parameters, s : R → R is a smooth, infinitely
differentiable activation function that acts component
wise on inputs and Kl is the nonlocal operator given by

(Klv)(x) =
∫

X
Kl(x, y)v(y)dy , (19)

where Kl(x, y) is a kernel function containing learnable
parameters. Lastly, the projection layer Q is given by

Q : Fs(Ωs;Rdc) → Fv(Ωv;Rv), s(x) 7→ Q(s(x), y) ,
(20)

where Q is a finite dimensional neural network from Rdc×
Ωv → Rv.

Then, when considering the structure in Definition 5
as an approximator of operators defined in Definition 2,
we obtain the following Theorem as a consequence of the
continuity proved in Lemma 4.

Theorem 6: Let assumption 3 hold and let X ∈ X ,
Ui ∈ C1([0, 1]; U), i ∈ [m], and φ ∈ Φ, where X ⊂ Rn,
U ⊂ R, and Φ ⊂ R+ are bounded domains. For each
i ∈ [m], fix a compact set Ki ⊂ X × C1([0, 1]; U)m−i+1 ×
Φ. Then, for any ϵ > 0, there exist neural operator
approximations P̂i : Ki → C1([0, 1];Rn) of the predictor
operators Pi from Definition 2 such that

sup
(X,Ui,...,Um,φ)∈Ki

∥Pi(X, Ui, . . . , Um, φ)(s)

− P̂i(X, Ui, . . . , Um, φ)(s)∥L∞ < ϵ,
(21)

for all X ∈ X , Ui ∈ C1([0, 1); U), i ∈ [m], and φ ∈ Φ.

III. Stability under uniform approximate
predictors

We are now ready to begin studying the stability
analysis of the resulting multi-input multi-delay system
(1) under uniform approximate predictors. To do so,
we introduce the following three assumptions which are
needed for the analysis of the exact predictor feedback (
[2], [3], [15]) and henceforth are reasonable for our study
under approximate predictors:

Assumption 7: The system Ẋ = f(X, ω1, . . . , ωm)
is strongly forward complete with respect to ω =
(ω1, . . . , ωm)T .

Assumption 8: The system Ẋ = f(X, ω1 +
κ1(X), . . . , ωm + κm(X)) is input-to-state stable
with respect to ω = (ω1, . . . , ωm)T .

Assumption 9: The systems Ẋ = gj(X, ωj+1, . . . , ωm),
for all j = 1, . . . , m, with gj(X, ωj+1, . . . , ωm) =
f(X, κ1(X), . . . , κj(X), ωj+1, . . . , ωm), are strongly for-
ward complete with respect to ω = (ωj+1, . . . , ωm)T .

The justification for each assumption is in [3]. We are
now ready to present the main stability result.

Theorem 10: Let system (1) satisfy Assumptions 3,7-
9, and assume that κi, i ∈ [m], are stabilizing as in the
Assumption 1. Then, for B := min{X , U}, there exist
functions α1 ∈ K and β ∈ KL such that if ϵ < ϵ∗ where

ϵ∗(B) := α−1
1 (B)/m, (22)

and the initial state is constrained to

Γ(0) ≤ Ω, (23)

where

Ω(ϵ, B) := α−1
2

(
B − α1(mϵ)

)
, α2(r) = β(r, 0), r ≥ 0,

(24)

then, the closed-loop solutions, under the controller
with the neural operator-approximated predictor Ui(t) =



κi

(
P̂i(t)

)
, i ∈ [m], satisfy the B-semiglobal and ϵ-

practical stability estimate

Γ(t) ≤β(Γ(0), t) + α1(mϵ), ∀t ≥ 0, (25)

where

Γ(t) =|X(t)| +
m∑

i=1
∥ui(t)∥L∞ , (26)

with the neural operator semiglobally trained with B >
α2(Ω) and ϵ ∈ (0, α−1

1 (B)/m).
Before proving the result, we briefly discuss its impli-

cations. The result states that for all ϵ < ϵ∗, there exists
a region of attraction Ω whose size grows inversely with
ϵ, such that all initial states Γ(0) ≤ Ω are ϵ-practically
stable. Conversely, for ϵ > ϵ∗, no such region exists,
and the system becomes unstable for any neural network
predictor with large errors. Thus, the result has two key
perspectives: for neural network engineers, achieving a
sufficiently small ϵ is essential to stabilize the system;
for control verification engineers, accurately estimating
ϵ is crucial, as it directly determines both the region of
attraction and the size of the invariant stable set. Such
estimation is beyond the scope of this study but may be
performed using, for example, the L2 testing error.

Proof: The proof of Theorem 10 will be split over
a series of technical Lemmas across two subsections. We
begin by introducing an equivalent representation of (1)
representing m delays as individual transport PDEs.

A. Transport PDE equivalent delay system
Consider the setting in which Ui is invoked with

the approximated predictions as in Theorem 6. Thus,
the approximate predictors are given by the operator
approximations as

P̂1(t) =P̂1(X(t), TD1,0(t)U1, ..., TDm,Dm−1(t)Um, D1)(1),
(27a)

P̂2(t) =P̂2(P̂1(t), TD2,1,0(t)U2,

..., TDm,1,Dm,2(t)Um, D2,1)(1), (27b)
...

P̂m(t) =P̂m(P̂m−1(t), TDm,m−1,0(t)Um, Dm,m−1)(1).
(27c)

Then, system (1) can be written equivalently in its ODE-
PDE form, originally developed in [15], as

Ẋ(t) =f(X(t), u1(0, t), . . . , um(0, t)), (28a)
∂

∂t
ui(x, t) = ∂

∂x
ui(x, t), (x, t) ∈ [0, Di) × R+, (28b)

ui(Di, t) =κi(P̂i(t)), i ∈ [m]. (28c)

The rewritten system is an ODE coupled with m different
transport PDEs, where the analytical solution of each
transport PDE is given as

ui(x, t) = Ui(t + x − Di), x ∈ [0, Di), (29)

i ∈ [m]. Notice that the transport PDEs (28b) are defined
on growing spatial domains as the number of inputs
increases. Hence, the time for the input signal to reach
from the input boundary at position Di to the opposite
side at 0 is exactly Di seconds with the unit transport
speed.

The corresponding predictors then become, in PDE
notation,

p1(x, t) =X(t) +
∫ x

0
f

(
p1(y, t), u1(y, t), . . . , um(y, t)

)
dy,

x ∈ [0, D1) (30a)

p2(x, t) =p1(D1, t) +
∫ x

D1

f

(
p2(y, t), κ1(p2(y, t)), u2(y, t),

. . . , um(y, t)
)

dy, x ∈ [D1, D2) (30b)

...

pm(x, t) =pm−1(Dm−1, t) +
∫ x

Dm−1

f

(
pm(y, t),

κ1(pm(y, t)), . . . , κm−1(pm(y, t)), um(y, t)
)

dy,

x ∈ [Dm−1, Dm). (30c)

Notice that, the predictors p1(D1, t), ..., pm(Dm, t) are
equivalent to the original predictors P1(t), ..., Pm(t) in
(2). The key advantage of rewriting (1) in the form
of (28a), (28b), (28c) is that analyzing the ODE-PDE
cascade becomes significantly simpler then the original
ODE under delayed inputs.

B. Stability of the ODE-PDE system

To analyze the system, we begin by introducing the
following backstepping transformation as in [3] to trans-
form the ODE-PDE cascade into what we call the “target
system”. The key advantage of the target system is that
it is feasible to show that the system is ISS-stable [13].
This stability result for the target system can then be
transformed into a stability result for the original system
via an inverse backstepping transformation, completing
the main result.

Lemma 11: The backstepping transformations for the
transport PDEs ui defined by

w1(x, t) =u1(x, t) − κ1

(
p1(x, t)

)
, x ∈ [0, D1) (31a)

w2(x, t) =u2(x, t) −


κ2

(
p1(x, t)

)
, x ∈ [0, D1)

κ2

(
p2(x, t)

)
, x ∈ [D1, D2)

(31b)
...



wm(x, t) =um(x, t) −



κm

(
p1(x, t)

)
, x ∈ [0, D1)

κm

(
p2(x, t)

)
, x ∈ [D1, D2)

...

κm

(
pm(x, t)

)
, x ∈ [Dm−1, Dm)

,

(31c)
transform the plant (28) to the target system (i ∈ [m])

Ẋ(t) = f

(
X(t), κ1(X(t)) + w1(0, t),

. . . , κm(X(t)) + wm(0, t)
)

, (32a)

∂twi(x, t) = ∂xwi(x, t), (x, t) ∈ (0, Di) × [0, ∞) (32b)
wi(Di, t) = κi(P̂i(t)) − κi(Pi(t)), t ∈ [0, ∞). (32c)

Proof: The proof follows exactly that of [3, Lemma
1] except that the boundary condition on (28c) is with
the approximate predictor and henceforth the resulting
boundary condition of the target system is obtained via
direct substitution, yielding (32c).

Additionally, there exists an invertible set of transfor-
mations from the w to the u system characterized by

Lemma 12: For all i ∈ [m], the inverse backstepping
transformation for the PDEs wi defined by

u1(x, t) =w1(x, t) + κ1

(
π1(x, t)

)
, x ∈ [0, D1) (33a)

u2(x, t) =w2(x, t) +


κ2

(
π1(x, t)

)
, x ∈ [0, D1)

κ2

(
π2(x, t)

)
, x ∈ [D1, D2)

(33b)
...

um(x, t) =wm(x, t) −



κm

(
π1(x, t)

)
, x ∈ [0, D1)

κm

(
π2(x, t)

)
, x ∈ [D1, D2)

...

κm

(
πm(x, t)

)
,

x ∈ [Dm−1, Dm)
(33c)

where

π1(x, t) =X(t) +
∫ x

0
f

(
π1(y, t), w1(y, t) + κ1

(
π1(y, t)

)
,

. . . , wm(y, t) + κm

(
π1(y, t)

))
dy, (34a)

x ∈ [0, D1]

πi(x, t) =πi−1(Di−1, t) +
∫ x

Di−1

f

(
πi(y, t),

w1(y, t) + κ1

(
πi(y, t)

)
, . . . ,

wm(y, t) + κm

(
πm(y, t)

))
dy, (34b)

x ∈ [Di−1, Di], i = 2, . . . , m.

transforms the plant (32a), (32b), (32c) into the plant
(28a), (28b), (28c).

Proof: As in Lemma 11, the proof follows [3, Lemma
2] with the appropriate substitutions of the boundary
condition due to the approximate predictors.

We are now ready to provide an ISS stability result for
the target ODE-PDE system.

Lemma 13: Let the system (32) satisfy the Assump-
tion 8. Then, there exists a class KL function β1 and a
class K function γ1 such that the following holds for all
t ≥ 0

Γ̆(t) ≤β1

(
Γ̆(0), t

)
+ γ1

(
sup

0≤τ≤t

{ m∑
i=1

|κi(P̂i(t)) − κi(Pi(t))|
})

,

(35)
where

Γ̆(t) :=|X(t)| +
m∑

i=1
∥wi(t)∥L∞ . (36)

Proof: From Assumption 8 and the definition of
input-to-state stability in [29], it follows that there exist
function β2 ∈ KL and γ2 ∈ K such that

|X(t)| ≤β2(|X(0)|, t) + γ2

(
sup

0≤τ≤t

{ m∑
i=1

|wi(0, τ)|
})

,

(37)
for all t ≥ 0. Using the ISS estimate of the transport
PDE from [5, Lemma 6], for any constant c > 0, for all
i ∈ [m], and for all times t > 0, we have that

∥wi(t)∥L∞ ≤ exp(c(Di − t))∥wi(0)∥L∞

+ exp(cDi) sup
0≤τ≤t

|wi(Di, τ)|. (38)

From (37), we have

|X(t)| ≤β2(|X(0)|, t) + γ2

(
sup

0≤τ≤t

{ m∑
i=1

|wi(0, τ)|
})

≤β2(|X(0)|, t) + γ2

(
sup

0≤τ≤t

{ m∑
i=1

∥wi(τ)∥L∞

+
m∑

i=1
|wi(Di, τ)|

})
, (39)

and, from (38) applied to all i ∈ [m], we have
m∑

i=1
∥wi(t)∥L∞ ≤β3

( m∑
i=1

∥wi(0)∥L∞ , t

)
+ γ3

(
sup

0≤τ≤t

{ m∑
i=1

|wi(Di, τ)|
})

, (40)

where β3 ∈ KL, and γ3 ∈ K. Now, treating X(t) and∑m
i=1 ∥wi(t)∥L∞ as two interconnected subsystems with



sup0≤τ≤t

∑m
i=1 |wi(Di, τ)| as their input, we can apply

the classical results of cascaded ISS systems (See [17,
Lemme C.4] or [28]) using the forms (39), (40) to obtain

|X(t)| +
m∑

i=1
∥wi(0)∥L∞ ≤β1

(
|X(0)| +

m∑
i=1

∥wi(0)∥L∞ , t

)
+ γ1

(
sup

0≤τ≤t

{ m∑
i=1

|wi(Di, τ)|
})

,

(41)
where β1 ∈ KL, and γ1 ∈ K. Lastly, by defining the
function Γ̆(t) = |X(t)|+

∑m
i=1 ∥wi(t)∥L∞ and using (32c)

completes the proof.
To complete the proof of Theorem 10, the exact same

approach to convert from the bound on the target system
to the original system using [3, Lemmas 4, 5, 6] can
be applied to (35) using properties of class K functions.
Thus, there exists β5 ∈ KL, γ5 ∈ KL such that

Γ(t) ≤β5

(
Γ(0), t

)
+ γ5

(
sup

0≤τ≤t

{ m∑
i=1

|κi(P̂i(t)) − κi(Pi(t))|
})

,

(42)

Using the Lipschitz constant Cκ as in (11) with the
universal approximation theorem (Theorem 6), and prop-
erty of class K functions, one achieves Theorem 10.

IV. Numerical simulations
To validate our theoretical results, we develop neural

operator approximate predictors for the unicycle system
with distinct steering and drive delays. Consider the
following:

x(t) = U2(t − D2) cos(θ(t)) (43a)
y(t) = U2(t − D2) sin(θ(t)) (43b)
θ(t) = U1(t − D1), (43c)

where x, y are the 2D coordinate positions of the unicy-
cle, θ is spatial orientation, U1 is the turning rate, U2 is
linear speed, and D2 is the longer breaking delay and D1
is the short steering delay. We consider the time-varying
controller of [24] given as presented in [3, Section V].

In our numerical experiment, we consider delays of
D1 = 0.25s and D2 = 0.6s with a time step dt = 0.001s
from 0 to T = 10s of simulation time. As both a
baseline and to create a dataset for training the neural
operator, we simulate 100 trajectories using the numer-
ical approach of [12], applying additive uniform noise
U(−0.2, 0.2) to the state at each timestep. From each
trajectory, we collect all predictor input/output pairs,
resulting in a total dataset of 200,000 pairs. All trajec-
tories start from the same initial conditions (x, y, θ) =
0, with zero initial input Uj(s) = 0, s ∈ [−Dj , 0],
j ∈ [2]. The dataset generation process takes about an
hour on a standard laptop. For training, we consider
two popular neural operator architectures—FNO and

DeepONet—which are trained in a supervised manner(10
minutes, Nvidia 4060 GPU). See [1] for all code, datasets,
models, and hyperparameters.

In Table I, we present the performance of the neural
approximated predictors. All approaches achieve strong
performance with errors on the magnitude of ∼ 10−6.
Furthermore, to accurately evaluate the neural approxi-
mated predictor operator in the feedback loop, we simu-
late 25 new trajectories for each approximation approach
and present the average trajectory residuals with respect
to the stationary equilibrium point, (x, y, θ) = 0 in Table
I. Furthermore, to showcase the similarity between both
approaches, we provide an example of one of the 25
trajectories in Figure 1.

Table II highlights the computational advantages of
neural operator approximation of predictors over fixed
point iteration, particularly at finer spatial resolutions.
While fixed point iteration’s computation time increases
significantly as resolution improves, FNO maintains
nearly constant runtimes, and DeepONet shows moder-
ate variation. These traits enable both neural operators
to outperform traditional methods as resolution becomes
finer. Notably, their speedups are largely due to deploy-
ment on specialized GPU hardware compared to CPU-
based fixed point iteration.

TABLE I: The performance of predictor approximation
approaches across training and validation datasets. The
average trajectory tracking error is the summed L2 error
over time averaged over the 25 different test scenarios
(with randomized initial conditions).

Approximation
methods Parameters Training L2

error (×10−6) ↓
Validation L2

error (×10−6) ↓
Avg. trajectory

L2 error ↓

Fixed point
approximation — — — 5.131

FNO 42211 0.33 0.25 5.144
DeepONet 1124824 3.00 2.46 4.874

TABLE II: Computation time (ms) averaged over 1, 000
predictions.

Approximation
methods

Computation time (ms) Speedup ↑
dx = 0.01 dx = 0.005 dx = 0.001 dx = 0.0005

Fixed point
approximation 8.762 17.735 97.676 218.740 —

FNO 30.850 29.664 34.653 31.093 7.04×
DeepONet 7.245 9.704 10.816 23.126 9.46×

V. Conclusion and Future Work
In conclusion, we extended the neural operator pre-

dictor framework to multi-input nonlinear systems with
distinct delays, proving existence and semiglobal prac-
tical stability (Theorems 6 and 10). Our results, vali-
dated by unicycle simulations and consistent with single-
delay cases [5], highlight the balance between efficiency
and accuracy and applies to any approximate predictor
satisfying uniform error bounds. This opens the door
for more complex time-varying approximate predictor
methodologies such as those with noise and output feed-
back designs.



Fig. 1: Example evaluation trajectories with fixed point, DeepONet, and FNO approximated predictors.
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