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Abstract

This work establishes the first rigorous stability guarantees for approximate predictors in delay-adaptive control of nonlinear
systems, addressing a key challenge in practical implementations where exact predictors are unavailable. We analyze two
scenarios: (i) when the actuated input is directly measurable, and (ii) when it is estimated online. For the measurable input case,
we prove semi-global practical asymptotic stability with an explicit bound proportional to the approximation error €. For the
unmeasured input case, we demonstrate local practical asymptotic stability, with the region of attraction explicitly dependent
on both the initial delay estimate and the predictor approximation error. To bridge theory and practice, we show that neural
operators—a flexible class of neural network-based approximators—can achieve arbitrarily small approximation errors, thus
satisfying the conditions of our stability theorems. Experiments on two nonlinear benchmark systems—a biological protein
activator /repressor model and a micro-organism growth Chemostat model—validate our theoretical results. In particular, our
numerical simulations confirm stability under approximate predictors, highlight the strong generalization capabilities of neural
operators, and demonstrate a substantial computational speedup of up to 15x compared to a baseline fixed-point method.

1 Introduction 1.1 Predictor feedback designs and implementations

In this work, we extend the concept of approximate pre-
dictors using operator learning to delay systems with
constant but unknown delays. The presence of unknown
delays presents a significant challenge, as the approxi-
mation of the predictor introduces an additive error re-
quiring analysis akin to robust adaptive control. Fur-
thermore, unlike robust adaptive control, the adaptive
parameter estimated is the actuator delay which directly
impacts system stability. Despite these challenges, we
achieve results similar to [9], ensuring the semi-global
practical stability of the feedback system, which depends
on the approximation error and an additional error term
on the delay bounds. This represents the first result for
implementing any type of approximate predictor when
the delay is constant but unknown.
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Predictor feedback methods for compensating actuator
delays in dynamical systems have been studied for over
50 years [50,19,29,21,22,42,23]. These approaches have
proven effective across diverse applications such as traf-
fic control [43,2], aerospace vehicles [55,17], and robotics
[6,4,5]. However, in nonlinear systems, implementation
remains challenging because the predictor is defined by
an implicit ordinary differential equation [3]. To address
this, [24] proposed numerical schemes combining finite
differencing with successive approximations to approxi-
mate predictors for both linear and nonlinear systems,
along with stability guarantees. Yet, this work does not
consider delay-adaptive cases, leaving stability for pre-
dictors with unknown delays unestablished. Moreover,
these schemes are computationally expensive due to the
need for fine discretization. Recently, [9] introduced op-
erator learning to approximate the predictor mapping,
achieving speedups of 1000x compared to traditional
solvers, but this was limited to nonlinear systems with
constant, known delays. In this work, we extend [9] to
handle unknown delays, addressing a critical gap in
delay-adaptive predictor feedback.

While exact predictor feedback for unknown delays was
initially addressed in [12], introducing an approximate
predictor significantly complicates the analysis. Now,
additive errors arise in the Lyapunov bounds, which still
permit an ISS-like (input-to-state stability) result when
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the distributed input is known. However, when both the
actuator input and delay are unknown, additional mul-
tiplicative approximation errors emerge, restricting sta-
bility to a smaller, local region of attraction depending
both on the neural approximation error and the initial
delay estimation error. This is similar to the results of
robust adaptive control [46,45]- although significantly
more challenging due to the adaptive parameter being
the delay on the actuator. Nonetheless, we show that this
region persists as long as the approximation errors re-
main sufficiently small and the initial delay estimation
error is close enough.

1.2 Operator learning in control

As discussed above, because the predictor is implicitly
defined, it must be approzimated. In this work, we adopt
a learning-based approach using neural operators for
two reasons. First, neural operators, introduced in [13]
and later popularized for learning PDE solution opera-
tors in [38,39], have become a powerful framework for
approximating implicit operators in control. They have
achieved speedups of up to 10% over traditional PDE
solvers in PDE backstepping settings [10,31,54,53,48],
and have also been applied in gain scheduling [34], adap-
tive control [33,11], and practical problems such as traffic
flow [56] and oil drilling [52]. Second, operator-learning
frameworks naturally support universal approximation
results for ODE and PDE solution operators, making
them well suited to the present theoretical study under
Lipschitz regularity. For these reasons, neural operators
offer a strong framework for predictor approximation,
both analytically and computationally in real-time im-
plementation.

1.8 Contributions

To summarize, the paper makes the following contribu-
tions:

(1) Lipschitz reqularity and universal approximation of
delay-dependent predictors. We prove Lipschitz con-
tinuity of the predictor operator and use it to es-
tablish uniform neural-operator approximation on
compact sets.

(2) Rigorous stability guarantees for delay-adaptive
nonlinear systems wunder approrimate predictor
feedback. For measurable actuator inputs, we prove
semi-global practical asymptotic stability; for un-
measured actuator inputs, we prove a local prac-
tical stability result. In both cases, the bounds
depend explicitly on the predictor approximation
and delay-estimation errors.

(3) Numerical wvalidation on biologically motivated
nonlinear systems. We validate the theory on two
benchmark systems and show that learned predic-
tors preserve stability while providing substantial
computational speedups over numerical predictor
implementations.

1.4 Notation

For functions, h : [0,D] x R — R, we use hy(x,t) =
%(m, t) and hy(z,t) = %’g(:c, t) to denote derivatives.We
use C*(S;,Ss) to denote the set of functions with con-
tinuous k derivatives mapping sets S; to So. For a n-
vector, we use | - | for the Euclidean norm. For func-

tions, we define the spatial L? norms as ||a(-,t)|| L»(0,p) =

(fOD |h(x,t)|pdx)% for p € [1,00) and may omit the do-
main to ||h(-,t)||L» when clear. For brevity, we use the
shorthand a;.; € K to indicate that the functions
Q, Qg 1, . .., 0 are all elements of Ko,. For sets 2, let
cl(Q) denote its closure and § is diameter. For a function
U and parameter D > 0, define the historical control
operator as (Tp(t)U)(z) :=U(t — D(x — 1)).

A preliminary version appeared at CDC 2025 [7]; this
journal version adds theory for unmeasured actuator in-
put (Section 6) and Chemostat simulations (Section 7).

2 Technical background
2.1 Delay-adaptive control
We study the nonlinear plant

X(t) = f(X(1),U(t = D)), (1)

where X € R", U € R, f € C*(R" x R;R") such that
f£(0,0) = 0, and D is an unknown delay within the in-
terval [D, D] where D > 0. Note, the use of a single in-
put U is made for simplicity of exposition. The approach
and associated guarantees extend directly to the multi-
input case with a common delay. As standard in predic-
tor feedback designs [12], we require mild assumptions:

Assumption 1 The plant X = f(X,Q) with Q scalar
1s strongly forward complete.

Assumption 2 There exists k € C?(R™;R) such that
the feedback law U(t) = r(X(t)) guarantees that the
delay-free plant is globally exponentially stable. Addition-
ally, there exists constants My, My > 0 such that the
control law satisfies the growth conditions

dk

X)| < M| X —
|K‘( )l— 1| ‘7 dX

@[ @

Notice by Assumption 2 and [26, Theorem 4.14] , we have
that there exists A\, C7,Cs > 0 and a class C*° radially
unbounded positive definite function V' such that VX €
R™,

DT R(X) < AV (X). Q
XP <V <alxP, @)
x| <cx. )

dX -

Third, since f € C?, we have it is locally Lipschitz:



Assumption 3 Let f(X,U) be as in (1) and X C R"
and U C R be compact domains with bounds 2 YLU re-
spectively. Then, there exists a constant M3(X,U) > 0
such that f satisfies VX1, Xo € X and Vui,us € U

|f(X1,u1) — f(X2,u2)| < M3(| X1 — Xo| + |u1 — ua|),

(6)
Due to Assumption 3, there exists My > 0 such that
of

We emphasize that these assumptions are needed in
the study of nonlinear systems with unknown, arbitrary
length input delays. Assumption 1 guarantees that solu-
tions of (1) exist for all forward time and do not escape
before the delayed input U(t — D) reaches the plant. As-
sumption 2 is used to obtain the semi-global result in
Section 3 and may be relaxed to local exponential stabil-
ity for a corresponding local result. Lastly, Assumption
3 imposes the mild regularity condition of local Lipschitz
continuity. Consequently, the framework applies to non-
linear systems with smooth dynamics and known delay-
free stabilizing controllers, including rigid-body dynam-
ics such as robotic manipulators [6], adaptive cruise con-
trol systems [1], and power system flow dynamics [16].

As standard in predictor feedback designs, we reformu-
late the plant (1) into the following ODE-PDE cascade
where the delay is absorbed into the transport PDE:

X(t) = f(X(t),u(0,1)), (8a)
Duy(z,t) = ug(x,t), (z,t) € (0,1) x Ry (8b)
u(l,t) =U(t). (8¢)

The representation of the delay through a transport
PDE was first introduced in [30] where the analytical so-
lution of the transport PDE recovers the original plant.
Namely, we have that

u(z,t)=U(t+D(x—-1)), z€]0,1], 9)

and thus when x = 0 in the PDE representation, we
recover U(t — D) as in (1). To compensate for the delay,
we estimate the state D timesteps in the future with the
predictor given for all = € [0, 1]

p(z,t) = X(t+ Dz) = X(t) + D/Ox f(p(y,t), uly,t))dy,
(10)

which is itself, an implicit ODE whose analytical form
is unknown for most nonlinear plant dynamics f. That
is p(1,t) is the estimate of the future state: X (¢t + D).
is Then, under the assumption that the delay is known,
the stabilizing control law is given by U(t) = x(p(1,1)).
When the delay is unknown, as in the problem setting
of this work, the control law is chosen by

U(t) = s(p(1,1)), (11)

where the predictor is given by
) = X0 + D) [ £6(0.6)ulw 0y (12
Following [12], D(t) is estimated as

D(t) = vProjp, 5 {D(t), ¢(t)} , (13)
fol(l + x)q1 (z, Hw(x, t)dx

=17 V() +b fy (1 +2)w(e, t)2de’

(14)

where b is a user-specified parameter, V is the positive
definite Lyapunov function in (3), (4), (5), w is given by
the backstepping transformation

UJ(IJ‘:) = ’(L(Jf,t) _K(Z\i(mat))a (15)
and the scalar function ¢, is defined as

dk

%(ﬁ(zv t))q)(:ca O; t)f(ﬁ(ov t)v u(oﬂ t)) ) (16)

q1 ($, t) =

where ® is the transition matrix associated with the
space-varying time-parameterized equation

(dr/dz)(x) = D(t)(0f/0p)(p(x,t), u(x,t))r(z). The

projection is the standard projection operator given by

0, D=D, ¢ >0,
Proj@yﬁ]{D7 ¢} = 07 D = Qv ¢ < 07 (17)
¢, otherwise.

The update law D(t) is not heuristic; it follows from
the Lyapunov-based certainty-equivalent adaptive back-
stepping design for the transport-PDE representation
(8a)—(8c) [12]. In particular, differentiating the back-
stepping transformation (15) introduces a ¢;-dependent
term involving the transition matrix ®, and the law in
(14) is chosen so that its numerator cancels this term in
the Lyapunov derivative while its denominator provides
the usual normalization.

Under the exact feedback law (11), [12, Theorem 1] gives
global asymptotic stability. However, as mentioned, (12)
is not analytically known and therefore needs to be ap-
proximated for any real-world implementation. Thus,
we introduce an approximation for the predictor p and
show that, under the universal approximation of neural
operators, semi-global practical asymptotic stability is
achieved.

2.2 Neural operators

For the reader’s convenience, we briefly review the
neural-operator background used later in the analysis.
A neural operator is a neural-network-based approxi-
mation of a nonlinear operator acting between function
spaces. In contrast to standard neural networks, which
map one finite-dimensional vector to another, a neural



operator is designed to learn mappings between input
and output functions in a manner that is, in principle,
discretization invariant (See [27] for a tutorial). For
the analysis that follows, we will refer to a neural op-
erator as any architecture satisfying the non-locality
framework in [35, Section 1.2] which includes the most
common variants (Fourier Neural Operator (FNO) [38]
and DeepONet [39]). Under this framework, we have
the following universal neural operator approximation
theorem as follows:

Theorem 1 [35, Theorem 1 and Corollary 1] Let £, C
R%1 and Q, C R¥%1 be two bounded domains with Lip-
schitz boundaries. Let s,s' > 0 be integers and ¥ :
C#(cl() ;R ) — C%' (cl(Q,) : R%1) be a continuous
operator and fix a compact set K C C%(cl(£,);R%1).
Then for any € > 0, there exists a neural operator \i/(as
in [35, Section 1.2]), such that for ally € €,

sup | (u)(y) — U(u)(y)| <e. (18)

We emphasize two key requirements of this theorem: the
operator mapping is continuous and the existence of a
neural operator only occurs on a arbitrary large compact
function space. Hence, for universal approximation, we
need to present Lipschitz regularity of the predictor op-
erator. This is the focus of the following section.

3 Neural operator approximate predictors

Definition 1 Let X € R*, U € C?([0,1];R), ¢ € RT.
Then, we define the predictor operator as the mapping
P:(X,U,p) = P where P =P (X,U, @) satisfies for all
s €[0,1],

P9~ X~ [ fPOUEMB=0. (19

Notice that, by definition the predictor operator yields
the solution to (12) where ¢, as an input to the operator,
is the estimated delay. To invokte Theorem 1, we prove:

Lemma 1 Let Assumption 38 hold. Then, for any
X1, Xoe X, Uy,U; € 02([07 1};2/{), andgphcpg € (Q7D)
the predictor operator P given in Definition 1 satisfies

||75(X17 Ula SDI) - 75(X27 U27 S02)||L°°(0,1)
< Cp (|1X1 = Xo| 4+ [|[Ur — Uzl 1= 0,1) + |1 — @21)

(20)

with Lipschitz constant
Cp = ePMsmax {1,2, DM} , (21)
= = M, [U + eDMa(X 4 MgﬁU)} L (22)

PROOF. For all s € [0,1], let Py(s) := P(X1, U1, 1)
and likewise P;(s) := P(Xz, Us, ¢2). Note that, for s €

[0, 1] the predictor is uniformly bounded. First, by defi-
nition and Assumption 3, we have

Pi(s) = X1 + o1 / " F(Pu(0). UL (0))d0

(6) s _
<X+ / Ms(|Py(0)] + |U4 (6)])do
0

1
S X1 + (,01M3||U1||Loo(071) + (,01M3/ |P1(0)|d9
0

(23)
Applying Gronwall’s inequality yields

|Py(s)| < ePMs(X + MsD U). (24)
Then, applying (24) yields the following calculation

Pi(s) — Py(s) = X1 — X2+ 41 /O f(P(8),U1(0))do
= " F(Pal0), Ua(0))db
0
< | X7 — Xo
+ (o1 — 2) / F(PL(O), UL (6))d6
0

vo | S (f(P1(9), U1(0))
— F(Py(0), Uz(ﬂ))>d0

(%) | X1 — Xo| + (41 _:»02)M3||U1||L°°(O,s)
+ (1 — p2) M3 /0‘ |P(0)[do
+ @2 My /S |Py(0) — Pa(8)]
|0 (0) = Ua(0)]d0

(24)

< X7 — Xof
+ |1 — pa2| M3 [U+ MsD(X 4+ MsD U)
+ DM;s||Uy — Us| (0,5
+ DM, /0 PL(0) — Po(8)|d0.  (25)

Applying Gronwall’s inequality again and letting s = 1
yields the desired result. |

Given the continuity in Lemma 1, we can then apply
Theorem 1 to the predictor operator yielding the exis-
tence of an arbitrarily close neural operator approxima-
tion:

Theorem 2 Fiz a compact set K C X x C%([0,1];U) x
D. Then, for all X, U, D, € > 0, there exists a neural
operator approzimation Pyo : K — C1([0,1];R™) such



that for all s € [0, 1],

sup \75(X, U,)(s)
(X, Up)eK

— Prno(X, U, p)(s)] < €. (26)

Now, we have established the existence of an arbitrar-
ily close approximate predictor, but we did not discuss
the detail on the number of parameters or data required
to obtain this bound. Such analysis is beyond the goal
of this paper, but we refer the reader to [44], [28], [36]
for further details. Further, given the approximation is
arbitrarily close in €, this perturbation will affect the
stability of the system compared to the global asymp-
totic result conducted with the exact predictor (which
can never be implemented in practice). Therefore, in the
next section, we identify the exact effect of the approxi-
mate predictor on the overall feedback loop.

4 Stability analysis under approximate predic-
tors

We are now ready to analyze the plant (8a), (8b), (8¢)
with the neural operator approximated predictor

U(t) =r(Pro(t)), (27)
Pro(t) =Pro(X (1), Tp(H)U, D())(1),  (28)

where T'p(t) is the historical control operator. The oper-
ator Tp (t) shifts the function U back by t— D (z—1) units
such that, we have u(z,t) = (Tp(t)U)(z) and therefore
the resulting output of the exact predictor operator sat-
isfies (12). Further, the choice of (28) is deliberate as it
specifically operates on the function and vector directly
- thereby avoiding a t dependence in the operator’s do-
main. Notice that, in this case, we consider the full ac-
tuator measurement such that u(z,t) is always known
which is not guaranteed for every application. In Section
6, we extend this analysis to the unmeasured case.

We are now ready to present the main result of the paper.

Theorem 3 Let the system (8a), (8b), (8¢c) satisfy As-
sumptions 1, 2, 3. Define the functional

L(t) = [X(0)] + /t_D U9)%d0 + [D®)*,  (29)

where D(t) = D — D(t). Then, there exists parameters
v*, b*(D, M3), T(X,U, D) > 0, a class lCEfunctwn B
and class Koo functwns ali5such that if v < v*, b > b*,
€ < € where

¢ = (a7)"(T - a3(BD)), (30)
where AD = D — D and the initial state is constrained to
I'(0) < a3(T — aj(e) — a3(AD)), (31)

then,

L(t) < a5((0)) +aj(e) + a3(AD),  (32)

and

(X (O < BY(T(0),1) + 5 (AD) + a5(e) . (33)
lul)1Z2(0,1) < B (L(0),8) + ai(AD) + az(e) . (34)

Notice that Theorem 3 is weaker than the result in [10,
Theorem 7] because it depends on the delay projection
bounds D, D. This is expected since the error intro-
duced by the predictor is additive, leading to complica-
tions similar to those in robust adaptive control, where
regulation depends on projector bounds (See [20]). Ad-
ditionally, it may seem counterintuitive that €* increases
with I', but this is expected: a larger radius of states al-
lows for a larger transient, thus loosening the €* bound.
Finally, we compare Theorem 3 with related adaptive
neural-operator control results. In [11, Theorem 4] and
[33, Theorem 4], the gain kernel is approximated, intro-
ducing a multiplicative error and yielding global stabil-
ity, but requiring approximation of the time derivative
of the update parameter. By contrast, Theorem 3 ap-
proximates P, analogous to the direct control law in [10,
Theorem 3]. This leads to an additive error and a semi-
global practical result without requiring the derivative.
Hence, the choice of approximation is important yielding
a trade-off between global and semi-global guarentees.

PROOF. We first introduce a backstepping transform,
that under the feedback law (27), transforms the system
into a target system for the stability analysis.

Lemma 2 Under the backstepping transformation with
the exact predictor given by

w(z,t) = u(z,t) —

k(p(z,1)), (35)
the system (8a), (8b), (8¢) with control law given by (27)
is transformed into
X(t) = f(X(t),m(X
Dwy = w, — D(t)q
’LU(]_, t) = K(p/NO(]w t)
where D = D — D(t),

pno(z,t) = Pno(X(#), Tp(t)U, D)) (z), and ¢ is
given by

(t)) +w(0,1)), (36a)
1(z,t) — DD(t)qz(x,t),  (36b)
) — k(B(1,1)), (36¢)

Ok * y y
=55 0. 0) [ 0.0 0) 50, 1)

+w(y,t))dy. (37)

Because we use the exact backstepping transform in (35),
the proof of Lemma 2 follows that of [12, Lemma 1],
except for the boundary term at x = 1, which is obtained
by directly substituting U(t) = x(pno(+)) into (35).

To analyze (36a), (36b), (36¢), we introduce the follow-
ing Lyapunov-Krasovskii functional

W (t) = Dlog N(t) + %D(t)2 (38)



Nt)=1+V(z)+ b/l(l + 2)w(z, t)*dz.  (39)
0

Taking the time derivative and substituting w; yields

W) =577 (D | FX 01X (0) + w01 )

2b 1 B
+ N(t)/o (1+z)w(z,t) <wx(x,t) — Dt)qi(z, 1)
- DDA )iz~ 2D, w0

Using the Lipschitzness of f in Assumption 3 and the
Lyapunov condition in Assumption 2, we have

W(t) < W(

2b 1 )
+ o [ @ ot (o) - Dot

— DD(t)ga(z, t))dx - %b[)f). (41)

~DA|X(8)]? + DC2 M;|X (t)[|w(0,1)])

Distributing the second term, applying integration by
parts, and substituting (14) yields

. 1
W(t) SW

+ bw2(17t) - bw2(0>t) - b”w(Vt)H%?(O,l)

+2DD(1) /O (1+x)w(m,t)qz(x,t)da:>

+2f () (é(t) — D(B)). (42)

(- DAXOP + Dot X (O w(0.0)

Using [12, Lemma 2 and 3] which states that there exists
constants Mg, Mg, M7 > 0 such that

Me([X| + [[w(,t)ll2) Z[p(e, t)], (43)

/01(1+x)

X qa(z, t)w(z, t)dz|,

Mg (IXT? + (-, 0)[13) 225D

(44)

yM7 > E( )

(45)

in conjunction with Young’s inequality yields

W) <55 (=1 (XOF + B0l
— (b _ CQZD]\/[??>w2(O, t)
+ Mt (1XOP + .0l

+ bw?(1, t)) , (46)

where 7 := min(DA/2,b). Thus, given that

C2DM2

b> = = (47)
i .

< =", 48

V<m0 (48)

guarantees there exists C' > 0 such that

W(t) <

_—ﬂ

N(t)

(1X@F + ol Ol Z20.1))

(r(p(1,1)) =

+ K(pxo(L,1)%.  (49)

Now, using the definition of W (t) and Assumption 2, we
have that

W O/D=5 (DO _ | < max(Cy, 26}
< (IX@OF + lw(, t)l|720,1)) »
(50)

Using reverse Young’s inequality (See [8, Appendix A]),
we have

W O/De=35 (D) 5 9eW(1H)/(2D) _ o35 DM)*  (51)

yielding

9eW (8)/D_ o35 (D(1)* _ 4

< max{Cy, 20} (|X (1)|* + [w (-, H)l[72(0,1))

52)
which then results in
1
—(IX@®)? ol ——— ) POV
(XOP + 0G0l 0) S e 2
+6%(D(t))2 + 1
53)

Substituting into (49) yields

. 2C W ()
< — D

W) < - LN g
(1 st ﬂ)

c
+ [max{C’l,Zb}N( 1)

+0(k(p(1, 1)) — w(Pro(1

|—1

max{CiCQb}N( 0 ( . 1)

c e
= (@D _ 4
+ [maX{C’l,Zb}N(t) (¢ )

T b(s(P(L, 1)) — n(ﬁNou,t)))?} L sa)



Following [32, Theorem C.3], we have that there exists
functions §; € KL and ay.0 € K such that
W(t) Sﬁl(W(O), t) + Oél(ﬁ)
+az( sup (s(H(L, 7)) — £(Pxo(1,7)))%) . (55)

0<r<t

Now, let us define the sub-level set bounded by W such
that Q= {2z : W(z) < W}. Then, on the set of tra-
jectories in {2y, we can apply Theorem 2 such that

(k((1,1)) = w(pxo(1,1)))?

Hence, we obtain a3 € K such that
W(t) <B1(W(0),t) + a1 (AD) + as(e). (57)

To stay in the compact set {dy7, we need to impose con-
ditions on W (0) and e*. We first convert back to the full
function I' and then impose the corresponding condi-
tions. Now, (43) and Assumption’s 2, 3 imply that there
exists constants r1, 73, 51, S > 0 such that

lu(, 7201y <PIXOF +r2flw(,H)l1Z2 0,0 (58)
(- OlZ20.) <stIX @) + sallu(,t)l[720,1) - (59)

To obtain an estimate on I', note that from [12, Eqn.
(47), (48)], we have that

r) < (D (n+ 7)1+ 52 ) (5 -1) L 0
W(t) < D (01 +2b (51 + %2) + ﬁ)) T(t).  (61)

Therefore, using the stability estimate in (57), we obtain
the existence of class K*° functions af, a3, aj such that

L(t) < a3((0)) +aj(e) + a3(AD),  (62)

when

€< € == (ai)_l(f —aj (El, (63)
L(0) < (a3) ' (T = aj(e) —a3(AD))  (64)

where I' = X + U + D. Note that the conditions (63),
(64) ensure that the set Qg is forward invariant ensuring
that Theorem 2 is always applied on a compact set.

To show obtain a bound on X (t), note that we have

W (t)

XOP <V <(em —1). (65)

Using the stability estimate in (57) and inequalities (65),
there exists B2 € KL, ag, a7 € Ko such that

|X(t)]? < Ba(W(0),t) + a6(AD) + ar(e) . (66)

Similarly, to show a stability estimate on U(t), we use
(58), (59) with the definition of W (t), yielding

t
t[Dm#w=Dw@mm@D
< DX + o DlEa0.1)

§D<r1+%2) (7 -1) . o7)

Then, repeating the argument above with the estimate
in (57), there exists 83 € KL, ag, ag € Ko such that

lu()|Z20.1) < B3(W(0),2) + as(AD) + ag(e) . (68)

Letting /Bik(’) = ma‘X{/BQ("')a/B3('v')}’ O‘Z() =
max{ag(-),as(-)} and af(-) = max{ar(-),a9(-)} and
applying the inequality (60) completes the result. |

5 Numerical Experiments

All code, parameters, and datasets are available [41].

Consider the biological system in [15] consisting of two
proteins: an activator protein that promotes expression
of itself and a repressor protein that represses the ex-
pression of the activator. Such biological clocks play fun-
damental roles in cell physiology [47] and control of such
systems is of valuable interest to synthetic biologists for
the design of new medicines. The dyanmics are given by

i1 =—x1+ fi(21,22) + U(t — D), (69)
iy =~ + o). (70)

where x7 is the concentration of the activator protein,
xo is the concentration of the repressor protein and fq,
f2 are Hill functions given by

le% + Ka

fl(xla'rQ) 1+(E%+{L‘§’ ( )
KQ.T%"’KI)
fa(z1) 1422 (72)

with K; = Ky = 300, K, = 0.04, K;, = 0.004. The in-
put U controls the activator protein concentration with
a delay due to the time to pass through an inlet pipe.
Additionally, we assume the pipe is equipped with a UV
spectrometer such that we can measure the presence of
the activator protein along the pipe and thus the dis-
tributed input u(x,t) = U(t — D(1 — z)) is known.

A control law satisfying Assumption 2 is given by

R(X (1) = —fi(w1, w2) + fr(a], 23), (73)



0.500

0.375 -
50.250

0.120 A

0.000

=0.05 -

0.00 -

Time
—— Numerical =~ === No adaptation

Fig. 1. Simulation of the plant (1) with various approximate predictors. The initial state is X (0) = [0.03, 30], delay is D = 1,
ﬁ(O) = 2, v = 1000, b = 1 which is within the training distribution, but not explicitly seen. The black line indicates the
numerical predictor, the blue-line is the predictor without delay-adaptation, the red line indicates the DeepONet predictor
with higher error and the green line indicates the DeepONet predictor trained to optimality.

where (27, 23) = (0.0939, 5.2525) is an unstable equilib-
rium setpoint of the system. The associated Lypaunov
function is given by V = (X — X*)T(X — X*) and note
the system experiences a limit cycle [12, Figure 2] when
an open-loop control law U(-) = 0 is used.

To train the neural operator, we generate a dataset of
5000 instances by simulating the system with a numer-
ical predictor [24] across various initial conditions and
delay estimates (see code for parameters; dataset gener-
ation took 60 minutes). Two neural operator architec-
tures (DeepONet, FNO) are trained in 10 minutes on an
NVIDIA 3090Ti GPU. Both perform similarly, though
DeepONet achieves a larger speedup (Table 1).

Figure 1 shows system simulations using the DeepONet
predictor. To illustrate the effect of €, we compare a
predictor trained with early stopping (large €) and one
trained to optimality: as shown by the red line, early
stopping yields convergence to a larger neighborhood of
the equilibrium, while even the optimally trained pre-
dictor does not exactly reach the setpoint, converging to
(0.094, 5.39) rather than (0.0939, 5.2525) due to the uni-
form approximation error €. In both cases, € determines
the convergence radius, consistent with Theorem 3.

Finally, we evaluated the computational speedup of the
neural operator predictor. Across all discretizations,
the ML predictor outperforms the numerical approach,
achieving up to 15x speedup at dz = 0.001, with stabil-
ity requiring dz < 0.005 (Euler scheme). We note this
speedup improvement is lower than the 100x reported
in [9, Table 1] due to the simpler dynamics in this ex-
ample; however, applying the same approach to more
computationally expensive forward dynamics would
likely yield even greater gains with DeepONet.

Table 1
Computation time for approximate predictors averaged over
1000 samples for the biological protein example (seconds).

Step . DeepONet  FNO
Numerical |  DeepONet | FNO |

size (dx) Speedup 1 Speedup 1

0.01 1.601 0.496 1.331 3.22x 1.20x

0.005 3.295 0.587 1.440 5.61x 2.29x

0.001 18.197 1.212 2.108 15.01x 8.63x

6 Control in presence of an unmeasured dis-
tributed input

In Section 4, we assumed the actuator state u(z,t) was
known. In many real-world systems, the actuator is un-
known and subject to uncertain or unmeasured delays.
Here, we extend Section 4 to unknown actuator states.
We introduce an estimate of the actuator state as
a(z,t) =U(t+D(t)(x—1)), zel0,1], (74)
where D is an estimate of the delay. The control law is

now computed in the same approach as before, but with
the estimated state :

U(t) = r(p(1,1)) (75)

= X(t)+ D(t) | .04y )y, (76)

where the predictor p is computed using the approximate
actuator state 4(x, t) as opposed to u(z, t) in (12). Hence,
the neural operator approximated feedback law becomes

U(t) :H(ﬁNO(la t)) ) (77)
Pno(x,t) =Pxo(X (1), Ty (U, D) (z),  (78)



where the main difference is that the distributed input
is now given by T (t)U using (74).

Notice that, due to the requirement of the estimated
distributed state 4, the analysis will become significantly
more complex then Section 4 as one needs to study the
ODE-PDE-PDE cascade (c.f. Lemma 3) containing not
only X, u, and & = u — u, but also their corresponding
spatial and time derivatives. This is more intricate then
just ODE-PDE cascade where D appears linearly only
in the PDE estimate (36b). Hence, developing a stability
result in even the exact predictor case will require the
update law belongs to a class of functions of which can be
regulated by the state and derivatives of the actuation:

Assumption 4 There exists a C* function (ﬁ, a positive
parameter v > 0 and class K functions p1, pa such that

D(t) = vProjp 3 { D). 6} . (79)
where ¢(t) satisfies

16(1)] < p1(E(1)) and ()] < pa(2(1))  (80)
with the function Z(t) given by

=(t) = [X(1)] + /

t—max{D,D(t)}

i U(s)\ds

—max{D,D(t)}

|U(s)|ds

+ /tt ‘U(s)’ ds. (81

—max{D,D(t)}

Notice that Assumption 4 is strong, but there are a series
of estimators that satisfy this Assumption. For example,
we will consider the design as in [12] governed by

é(t) €2 Sgn(UA)x(]-’ t)) q3(1a t)
+ /0 (1+2) {qg(x, t) Sgn(u?(ac7 t))
+ aul,t) Sgn(i, (2, 1)) |de,  (82)

where

{1}, r >0,
[7171]7 r= 07
{-1}, r<Q0,

where update law is interpreted in the Filippov sense as
a differential inclusion [18] and  is given by

’l@(ﬂ;‘, t) = ﬂ(l‘, t) - H(ﬁ(aj’ t)) ) (83)
and the functions q3, g4 are given by

dr
dp

Sen(r) =

q3(x,t) = —=(p(x, 1)) f(p(0,1),a(0,2)),  (84)

0o,0) = s, ). (55)

This update law is guided by the same Lyapunov—
Krasovskii intuition as in Section 4. The law can be
viewed as an Li-type steepest-descent mechanism built
from w and w, to compensate the unfavorable terms in
the Lyapunov derivative.

We are now ready to state the our main result.

Theorem 4 Consider the plant (8a), (8b), (8¢) satisfy-
ing Assumptions 1, 2, 8, 4 and the functional

t

1) =X+ [

t—max{D,D(t)}

+ t U(s)ds

—max{D,D(t)}

|U(s)|ds

t
+/ ~ |U(s)|ds+ D(t)*.
t—max{D,D(t)}
(86)

Then, there exists functions 5 € KL and ag, a7, ag, ag €
Koo and constants Y > 0, v*(Y(0)) > 0,

& (T) = (ag)~'(T) >0, (87)
and a region of attraction
Ry(T,e) = a3(T — aj(e)) >0, (88)

such that if v < v*, € < €, and the initial state is con-
strained to | Y(0)| < Ry, then, the feedback law (77) with
the estimator (79), (82) guarantees for all solutions

T(t) < a3 (Y(0) +aie), Vt>0, (89)

and

[ X(6)] <B5(Y(0),t) + a5 (AD) + ag(e),  (90)

[u- D)l <B3(Y(0),1) + ag(AD) +ag(e) . (91)

Theorem 4 is inherently a local result in that it requires
the set of initial condition radius to be smaller then Ry
which inherently decreases as the approximation error
worsens. Hence, only for € < €* does a local region of at-
traction exist, but qualitatively, the result ensures that
an €* always exists - although it can be extremely small
and inherently unachievable in practice. In the case of
which € = 0, we recover the local result of [12, Theorem
3]. Furthermore, it may seem odd that the analysis and
hence the result is characterized in the L' norm; how-
ever, as we will see the coupling between the estimation
error and the stability of the target system will be in
an absolute sense. Hence, one would require additional
assumptions for the L? norm (c.f. [12]).

PROOF. The proof has three parts: derivation of
the target PDE-PDE-ODE cascade with the actu-
ated measurement, construction and differentiation of



a Lyapunov—Krasovskii functional using Lemmas 4—
10, and conditions ensuring forward invariance of the
Lyapunov functional, which establish the local result.

Deriving the target system First, we begin by char-
acterizing the PDE describing @ as well as the corre-
sponding target system. By direct calculation, we have

du(z, 1)

S = U+ D(t)(z —1)D(1), (92)
a“(aﬁ D _ e+ D)@ — 1)1+ D(t)(x 1))

(93)

Therefore, 4(x,t) satisfies the PDE
D(t)iy (x,t) =ty (z,t) + ﬁ(t)(x — D)ty (z,t), (94a)
w(1,t) =U(t). (94b)

Thus, under the backstepping transform with the exact
predictor, we obtain the following target system:

Lemma 3 Under the backstepping transformation for
the distributed system (94a), (94b) given by

w(zx, t) = a(x,t) — k(p(z,t)), (95)

the plant (1) becomes

(9’63)
D(t)iy(, t) =ty (z,t) + D(t)g3(z, t)
— ga(x, t) fa(t) (96b)
w(1,t) =k(Pro(l,1) — w(p(1,1)), (96¢)
Dy (x,t :ﬁm('x,t) — D(t)g1(z,t)
- b(t)QZ (.’E, t) ) (96d)
a(1,t) =0 (96e)

where . = u — U represents the difference between the
true actuation and the estimate.

1 i ~ o de(p(z,t))
g1(z,t) _ﬁ(t)[ 2 (2, 1) +D(t>7dﬁ _
< FB(t) e t) + (@ n)] . 1)
salen) :D(g(;) )|:wm($7t)+ﬁ(t)dﬁ(ﬁ;p‘?’t>)
< F(a, )i )+ m (B 0)] . (98)

gl 0)=(o = 1) |iul,0) + (3, )DL
£ 0) (0. ) + (3,0

— W, ) () /jé(:c,y,t)
[ 0,) + K(5(3,1)))

0f by, 1), w(y,t) + x(p(y, 1))

+ 5 (y—1)
x (wx<y, )+ K (3, 1) D) F (5l ), (. 1)
T (ply. t))))] dy (99)

ga(z, 1) =®(x,0,6) D(t)' (p(x, 1)), (100)
fa(t) =F(p(0,1),u(0,1)) = f(p(0,1),a(0, 1)), (101)

and ® is the state transition matriz associated with the
spatially-varying differential equation governing r(x) =
D(t)ﬁt(l', t) - ﬁa:(xﬂ t)'

See [8, Appendix A] for proof.

Note, as in Lemma 2, the challenge of the target system is

the neural operator error in (96¢). By direct calculation
of (96d), (96e), (96a), (96b):
Dy (z,t) zﬂm.(x,t) — D(t)gs(z,t)
D(t)igs(, ) =thys(, t) + D(t)gr(z, t)
- Qs(%@fa(ﬂ ;
,(1,) = — D(t)gs (1,1
D ()t (2,t) = Waga (2, )

(104)
) (Lt)fﬁ(t)v (105)
+ D(t)go(x, 1)

- 910(95 t) ( ) (106)
- D( )wzt( ) (107)

where g5 = g1z, 96 = 92,2, ¢7 = 93,2, 48 = a2, 49 =
g7.2, and g1 = gs,- We refer the reader to [8, Appendix
C] for the full expressions and omit them for brevity here.

Derivative of the Lyapunov-Krasovskii functional
Consider now the Lyapunov-Krasovskii candidate

W(t) =Vo(X) + boD/ (1 + 2)[ii(e, £)|de
L 0
+b1D/0 (11+x)|ﬂz(m,t)|dx
+b2i>(t)/0 (1+ ) ib(, £)|der
+b3f)(t)/0 (1+ )|z, t)|de

+baD() /O (1+ 2)| e (2, 6)]dz + D(1)2,
(108)

where Vy = V/V as in Assumption 2 and bg.y > 0 are
constants to be specified. By the mean value theorem:

1dVy

Vo :§E(f(X, /(X)) + @(0,t) + w(0,t))

10



0f(X,a1(X,1))

Cs
Tty ou

10(0.0) +2(0.0)

(109)
where a1 (X, t) € [k(X (1)), k(X (t)) + 4(0,t)]. We begin
by differentiating with respect to time and substitute the
corresponding PDEs for 4, @y, W, Wye. The resulting

integrals will be given in terms on only spatial derivatives
and hence we can apply integration by parts yielding

of(z,ay(z,t))
ou

i bo[— 13(0,8)] — (- £) [0

W(t) < — A\/2|X|+ 22 02

D) / (1+ 2)\gu (@, )lde
+1b0)] | <1+x>|gz(x,t)|d4
Ty [m(l,m i (0,8)] — e (- D)l
+ 1D / (1 + 2)lgs (. D)]da
+1D0) [ <1+x>|gﬁ<x,t>|dx}
by [w(l,w (0,5)] — (- )]l
1) / (1 + 2)|gs . )]z
501 [ <1+w>|g4<x,t>|dm]
by [2wm<1,t>| o (0,8)] — a1
. 1
1) / (1 + 2)lgr(a, 1) de
+1rs0l [ +x>|gg(x,t)|d4
b [Mmu,tn i (0,8)] — a8
1) / (1 + 2)lgo (e, 0)|de
01
+1fa0) [ <1+x)|gm<x,t>|da:}
+2D(t)D()
+b2i7<t)/0 (1 + )i (, £)|da
+b31§<t)/0 (1 + )| (2, t)|de

D) / (1 + )|tban (. )| da (110)

\ 10(0,1) + (0, )

11

We now aim to bound this derivative term. First, we will
find it helpful to define the following functional

Wo(t) =X ()] + aC &)l o + [, )2
(1)l + e ()] 1

+ mex(Ut)HLl . (111)

Additionally, for the second term in W, there exist
10,11 € Koo such that

Cy |0f

5 |5, (6 a1 (X, 1) < arp(Wo (1)) + i (e)

(112)

Furthermore, define n = min{\/2, bo, b1, ba, bs, b4} for

brevity. To bound all of the terms in W in terms of the
system state and control, we will invoke Lemmas 6, 7, 8,
9, 10 along with properties of class K, functions:

W(t) < —no(t)
+ |b(t)| {boan WO + by (20524 Wo ) + 2c04 (€ ))

+ by (2a19(Wo )+ 2a19(e))
+ 2b3 (20021 (Wp) + 2021 (€))
+ b3 (2a25(W0 ) + 2ca5(€) )
+ by (2a27(WO ) + 2aa7(€) )

+2(by 4 bs + b4)W0(t)}
+25,(1DO)] + DO + D))

(2042 ( ) + 20429( ))
+ 24| D(t)| (20133 (Wo) + 2a33(e))

+ |D(t)| l:boalﬁ(Wo) + 201 Mo M3 M€ + lealg(Wo)
+ b1 (2@23(W0) + 2&23(6))
+ 2by (20&34( ) + 26!34( )):|

+ [ (0,8)] | — b1 + 204 (20030 (Wo) + 2030 (€ ))}

5
+ |1, (0, 1) |[ bs + 2bs (2a31 (Wo) + 231 (e ))}

a0, 4)] [ by + aro(Wo()) + an ()

+ ba (20[20(W0 + 2a90( ))
+ 2bs (20522(W0) + 2a22(e))
+ b3 (2@26(W0 + 2096( ))
+ 2by (20532(W0) + 2a32(e))

+ b4 (20[28(W0 + 2&28 ):|

+ (0, )] [ — by + ap(Wo(t)) + a11(€)}



T e (0,1) b [ 14 |15<t>|]
+ 2by Mye
+ 26| D()| [M5 (ID®)](2021(W5) + 2021 (¢))

(0, )] (2az2 (o) + 2a22<e)>)] (113)

To handle the cross terms, we use the following two facts:
|D(t)| <2D =: Mg,
|D(t)] <van,p(To(t)) < yass(Wo(t)),

where ags € K. Further, the parameters can cancel
the boundaries within a local initial region of attraction.

Let R = Wy (0). Then, given the conditions below hold:

(114)
(115)

by > 2b4(2a30( ) + 20&30(6)) R (116)
bz > 2[)4(20431( ) + 20(31(6)) , (117)
b2 > 0110( ) -+ 0611(6) s (118)

by > Ozlo(R) + 0411(6) + b2(20420(R) + 20420(6))
+ 2b3(20¢22 (R) + 20&22(6)) + b3 (20&26 (R) + 2096 (6))
+ 2b4(20&32 (R) + 20[32(6)) + b4(2a28(R) + 2@28 (6))
2b1M5M6(2a22(R) + 2a(e)) ; (119)

we obtain

W (t) < = nWo(t) + [ D(t)[[boarr (Wo)
+ b (20424(W0) + 2a94(€))
+ b2(2a19(W0) + 2a19(€))
+ 2b3(2a01 (Wo) + 2021 (€))
+ b3(20r05 (W) + 20105 (€))
+ ba(2007 (W) + 20127 (€))
+2(bs + b3 + b4)W0( )]
+2b,(|D(0)] + D) + D))
(20429(W0) + 2a99(€))
+ 2b4| D(t)](2033(Wo) + 20u33(€))
+ |D(t)|[bocvis (Wo) + 2b1 Ma2M; M; 1e
+ 2bya1s(Wo)
+ b (2a23(WO) + 203 (€))
+ 2b4(2a35(Wo) + 2a34(€))
+ 2by Myyass (Wo) (201 (Wo) + 2021 (€))]
+ |22 (0, 1) |ba(—=1 + [D(t)]) 4 2bs Mae  (120)

Bounding the perturbation terms Now, we have a
series of perturbation terms along with a favorable term
—nWo (t). Hence, we complete the result by invoking the
delay update law, attaining a local result:

ase(Wo(t)) = boarr(Wo(t)) + b12aaa(Wo(t))
+ ba2010(Wo(t)) + dbsany (Wo (1))
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+ b320i05 (W (£)) + ba2anr (Wo(t))

+2(ba + by + ba)Wo(t) (121)
azz(€) = b12a24(e)
+ b220[19(6) + 4b30&21(6)
+ 632a25 (6) + b420[27(6) 5 (122)
ass(Wo(t) = boars(Wo(t))
+ 2byaas (Wo (1)) + 2bycras (Wi (1))
+ 4b4a34 (WO (t))
+ by Myryouss (Wo (t))Jaar (Wo(t)
(123)
0[39(6) = 2b1M22M1M116 + 2b1a23(6) + 4b4a34(6) .
(124)

Using Assumption 4, and the class Ko functions relating
2 to Wo(t), we have | D(t)| < yauo(Wo(t)) and |D(t)] <
yaa1(Wo(t)). Let v € [0, 1], then we obtain

W (t) < — nWo(t) + youo (Wo(t)) (s (Wo (1)) + sz (€))
+ 2b4y (a0 (Wo (1)) + e (Wo(t)) + addo (Wo(t)))
X (20029 (Wi (t)) + 2029 (€))
+ 2bgauas (Wo (1)) (2as3(Wo (1)) + 2a33(€))
+ | D(t)|(cvas(Wo (1)) + aso(e)
+ 4by Msryauss (Wo(t)) azn (€)

+ |www(0 t)|b4 -1+ Y40

—~

Wo(t))| + 2bsMae .
(125)
Via Young’s inequality, there exists ays3.46 € Ko where
W (1) < = nWo(t) + y(aas(Wo(0)) + aua(€)
+ | D(t)](cas (Wo (t)) + cuag(€)) + 2ba Mae
+ [t (0, 8) by | — 1+ yauo(Wo(t))| . (126)

Using Young’s inequality, for any § > 0 small, we have

o 1, -~ 4]

D) < = + —|D*()| < =
DO < 3+ 55020 < 5 + 5

Hence, we obtain

W), (127)

4]

W(t) < — niWo(t ) + 2by Mae + Y (az(Wo(t)) + aa(e))

(5 4 () s (1)) + 0s()

i 00001 < 1+ s0u(Tow)] . (129)
Now, let v € (0,1) and define Cr, := max,¢[o, r] ¥jo(),
CRr, := maxge[o,r] @44 (). Then, there exists auq, a7 €
Koo such that if

1 nv

max,¢o,r) 40(z)” Cr,

} . (129)

y< = min{l7



nv —Cg,

1
6<2 O, , (130)
2 nv — ’}/CRI — 5/201%2 — a46(6)
W(0) <20 , 131
(0) Crton(© (131)
then we have
W(t) < —-n(- V)Wo(t) + ayq(e) . (132)

Note that D? is bounded by (2AD)2. Further, |X| <
Vo(X) < VC1]X| by (4). Thus, Wy (t) and W are equiva-
lent up to D? such that there exists constants Cs, Cy > 0

CsWo(t) < W(t) < Cu(Wo(t) + D2(t)). (133)

Hence, there exists K, functions aug, cia9, g such that

W(t) < —au(W(t) + aso(BD) + asi(e).  (134)
From here, using [32, Lemma C.3], we have there exists
B3 € KL, ass, ass € Koo such that

W (t) < B3(W(0),t) + as2(AD) + ass(e) . (135)
To conclude the result, notice that T and W are equiv-

alent up to class Koo functions to obtain (89). To obtain
the bound on | X (¢)|, notice that

(X (@) <W(t)

< ﬁg(W(O), t) + (52 (E) + CK53(6) s (136)
Using the equivalence between Y and W yields the result
with the same exact approach for ||u(-,¢)|/1. [ |

7 Numerical Example: Biological Chemostat

To illustrate the theoretical results of Section 6-
specifically, neural operator predictors with unknown
actuator input-we consider a Chemostat, a bioreac-
tor used for growing micro-organisms or cells under
continuous, controlled conditions [49]. Chemostats are
widely used in biological engineering, from wastewater
treatment [14] to genetic engineering via recombinant
DNA [51,37]. Here, we focus on a recent Chemostat
model that incorporates population mortality into the
dynamics [25]. Consider the nonlinear system

Z(t) = (pop(S) —x —U(t = D))Z(1),
S(t) =U(t = D)(Sin — ) — u(5)Z(1),

137a)

(
(137b)
where Z(t) > 0 is the microbial concentration, S(t) > 0
the substrate concentration, Sj, > 0 the inlet substrate
concentration, U(t) > 0 the dilution rate, pg > 0 the
yield coefficient, p the population growth rate, x > 0
the mortality rate, and D the dilution delay (i.e. due to
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valve transport or homogenization time). Without delay,
a nominal globally stabilizing controller is given by [25]

r(Z(1), S(t))

_Urn(5)Z (1)
w(S*)Z*
LS {Iu(S) —p(SHFE, i s < 5
(u(S*))+*¢ 10 if §> 8%,
(138)

where S* is the desired substrate concentration, Z* is
the desired microbial population concentration, U* is
the desired dilution rate and ¢ > 0 and « € [0,1) are
constant feedback gains chosen by the user.

In the experiments that follow, we set the following pa-
rameters: Z* =3, 5* =2, U* =0.9,¢ =10, x = 0.1,
Sin = 5.33, @ = 0.5, pg = 1 and the growth rate function

I L

WW+S+ 52 (139)

where we note (Z*,.5*) is an unstable equilibrium.

We generated a dataset of 100,000 predictor in-
put—output pairs for training by uniformly varying
initial conditions and delay values. Consistent with the-
ory, the unknown actuated input required a smaller €
tolerance, and thus more training data and a larger
network to achieve stabilization. Among tested archi-
tectures, FNO easily stabilizes the system, where as for
DeepONet, we deployed the POD-DeepONet variant
[40] achieving comparable but slightly weaker practi-
cal stability then that of FNO. Figure 2 shows that,
without delay compensation, the system oscillates to
a limit cycle; yet, with compensation, the learned pre-
dictor stabilizes the system. Moreover, Table 2 reports
computation costs showing the speedups attained as
discretization resolution increases.

Table 2
Computation time (ms) for various approximate predictors
averaged over 1000 samples for the Chemostat example.

Step X DeepONet  FNO
Numerical |  DeepONet | FNO |

size (dx) Speedup +  Speedup 1

0.01 1.40 0.34 1.28 4.11x 1.09x

0.005 2.86 0.43 1.34 6.65 X% 2.13x

0.001 15.62 1.02 1.88 15.31% 8.29x

8 Conclusion

We presented the first results on approximate predictors
for nonlinear systems with unknown delays, considering
cases with measured and unmeasured actuation. In the
first setting we established semi-global practical stabil-
ity, while in the second we obtained local practical sta-
bility akin to the exact predictor result. The analysis
applies to any uniform predictor, but simulations with
neural operators demonstrate stability and significant
computational gains over numerical methods in two case



Fig. 2. Chemostat (137) with Z(0) = 2,5(0) = 2, D(0) = 1.8, D = 1.6s and target unstable equilibrium (Z*,S*) =
Comparison of (i) numerical predictor (black), (ii) open-loop without adaptation (blue), and (iii) FNO predictor, stable (g
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studies on an E. coli biological clock and a Chemostat.
This work opens directions toward trajectory tracking
and output-feedback designs with unknown parameters.
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A Lemma’s used in Section 4

Proofs for Lemmas 4-11 are available in [8].

Lemma 4 There exist class Ko functions aia, aqs such
that, for all x € ]0,1],

p(z, )] < arz (| X[+ [laC, 8]l , (A1)
[p(z, t)] < arz (|1 X[+ [ (-, 2)]| 1) - (A.2)
Lemma 5 There exists Koo function ayq, ays such that

()] <ara(|X]+[|w( )]0 + e (- 0)llLr) + Mae,
(A.3)

|a(z, 1) <aas (||, t)] L) (A4)

Lemma 6 There exists aqg, 017,018 € Koo and con-
stant My = % such that

1
/0 1+ 2)|g1 (@, ) dr o (1X(8)] + [0 )1
1 + |[we (-, )21 ), (A.5)
/O (14 z)[g2(z, t)|dr <ai7(| X (t)] + [J@(-, 1) L
—i: ”wm('vt)”Ll)a (AG)
|t (1, 1) <|D(t)][Ms|we(1,1)]
—|—M2M1M11€
+ aas(|X] + | (-, 1) )] -
(A7)

Lemma 7 There exists ayg.90 € Koo such that

/0 (1 + 2)lgs (x, )| de
<ono(IX(0)] + [0C, Dl|zs + liboalst) 22 + ).
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